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Rotating Formation Flying of Three Satellites Using Tethers

K. D. Kumar∗ and T. Yasaka†

Kyushu University, Fukuoka 812-8581, Japan

The feasibility of rotating formation flying of satellites using flexible tethers is explored. The system is composed of
three satellites connected through tethers and located at the vertices of a triangle-like configuration. The satellites
are modeled as point masses, and tethers are considered massless. The general formulation of the governing
equations of motions of the system moving in an elliptic orbit and including different satellite masses and tether
lengths is obtained through a Lagrangian approach. The open-loop tether deployment and retrieval laws have
been developed. Results of numerical simulations of the nonlinear governing equations of motion of the proposed
constrained system and an equilibrium analysis indicate the feasibility of achieving formation flying of three
satellites in the orbital plane. Furthermore, the equilibrium analysis leads to useful design criteria in the form of
inequality constraints on the system parameters. In the case when three satellites have equal masses, the critical
minimum value of spin rate for system steady-spin motion in the orbital plane is found to be 0.58 times the orbital
rate. Finally, the effects of various system parameters as well as the tether deployment and retrieval on the system
response have been investigated.

Nomenclature
a = semimajor axis of the system center of mass, m
C = E A/(m�2), m
C j = C{(1 − e2)/(1 + e cos θ)}3ε j u j ; j = 1, 2, 3, m
Ct = E A/(ml10�

2)
(Ct )cr = critical or minimum Ct for system

steady-spin motion
E A = tether modulus of rigidity, N
e = orbital eccentricity
fi = i th constraint function
G = universal gravitational constant, kg−1m−2

l j = stretched j th tether length; j = 1, 2, 3, m
lje = stretched j th tether length at equilibrium;

j = 1, 2, 3, m
l j0 = unstretched j th tether length; j = 1, 2, 3, m
(l j0)cr = critical or minimum unstretched j th tether

length; j = 1, 2, 3, m
l j0,e = unstretched j th tether length at equilibrium;

j = 1, 2, 3, m
l j0, f = final unstretched j th tether length at the end

of deployment or retrieval; j = 1, 2, 3, m
l j0,i = initial unstretched j th tether length at the start

of deployment or retrieval; j = 1, 2, 3, m
l ′

j0 = rate of unstretched j th tether length change
during deployment or retrieval; j = 1, 2, 3

lt0 = l10 or l20 when l10 = l20, m
ME = Earth’s mass, kg
m = system mass, m1 + m2 + m3, kg
mi = mass of satellite i ; i = 1, 2, 3, kg
R = orbital radius, m
ri = distance between system mass center S

and satellite i ; i = 1, 2, 3, m
rie = ri at system equilibrium; i = 1, 2, 3, m
ri0 = ri at θ = 0; i = 1, 2, 3, m
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r ′
i0 = r ′

i at θ = 0; i = 1, 2, 3
S = system mass center
S − xri yrizri = coordinate frame describing ri ; i = 1, 2, 3
S − x0 y0z0 = coordinate axes in the local vertical frame
T = kinetic energy of the system, N-m
u j = unit function, 1 for ε j ≥ 0 and 0 for ε j < 0;

j = 1, 2, 3
V = potential energy of the system, N-m
β ′

e = β ′
1e or β ′

2e when β ′
1e = β ′

2e
βi = in-plane swing angle of ri ; i = 1, 2, 3, deg
βie = βi at system equilibrium; i = 1, 2, 3, deg
β ′

ie = β ′
i at system equilibrium; i = 1, 2, 3

βi0 = βi at θ = 0; i = 1, 2, 3, deg
β ′

i0 = β ′
i at θ = 0; i = 1, 2, 3

β ′
0 = β ′

10 or β ′
20 when β ′

10 = β ′
20

(β ′
0)cr = critical or minimum β ′

0 for system
steady-spin motion

ε j = j th tether strain; j = 1, 2, 3
ηi = out-of-plane swing angle of ri ; i = 1, 2, 3, deg
ηie = ηi at system equilibrium; i = 1, 2, 3, deg
η′

ie = η′
i at system equilibrium; i = 1, 2, 3

ηi0 = ηi at θ = 0; i = 1, 2, 3, deg
η′

i0 = η′
i at θ = 0; i = 1, 2, 3

η′
0 = η′

10 or η′
20 when η′

10 = η′
20

θ = true anomaly as measured from the reference
line, deg

θr0 = θ when deployment/retrieval starts, deg
�i = Lagrange multiplier for i th constraint
λi = [1/(m�2)][(1 − e2)/(1 + e cos θ)]3�i ; i = 1, 2, 3
µi = mi/m; i = 1, 2, 3
τ = number of orbits desired for completing the

required tether deployment/retrieval
� = mean orbital angular velocity (GME/a3)1/2, rad/s
ωc = angular velocity of circular orbit, rad/s
( )cr = critical or minimum value of ( )
( ) j = ( ) for j th tether, j = 1, 2, 3
( )0 = ( ) at θ = 0
(̇ ), (¨) = d( )/dt and d2( )/dt2, respectively
( )′, ( )′′ = d( )/dθ and d2( )/dθ2, respectively
|( )|max = absolute maximum amplitudes of ( )

Introduction

S ATELLITE formation flying is one of the most important
technologies for future space missions. However, it involves

tremendous challenges ranging from satellite formation initializa-
tion to reconfiguration. The satellite formation flying can experience
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environmental disturbances from gravitational perturbation, atmo-
spheric drag, solar radiation pressure, and electromagnetic forces.
Furthermore, as fuel onboard is a scarce commodity, it is neces-
sary to have a formation with minimum fuel requirements for or-
bit maintenance. To solve these challenges, various strategies1−9

have been suggested. The use of tethers10−13 represents one of the
important strategies to achieve satellite formation flying with low
fuel requirements for overall system maintenance. Besides allow-
ing the separation distance between the satellites to be well known
and controllable, it can make a variable baseline for interferomet-
ric observations achievable by deploying or retrieving the tether.
Tethered formation flying has been considered for astronomical
observation missions14−21 and Earth-observation missions.19,22−24

DeCou15−17 studied the dynamics of a rotating triangular forma-
tion of three tethered satellites with the spin rate of the formation
being larger than the orbital rate for a geocentric astronomical ob-
servation mission. The spin axis of the formation was intended to
remain inertially fixed. The proposal of the tethered Submillimeter
Probe of the Evolution of Cosmic Structure mission flying at sun–
Earth L2 Lagrange point was put forward by Quinn and Folta.18

Quadrelli19 examined the heliocentric inertially pointed astronom-
ical multitethered system configuration and librating tether in low
Earth orbit (LEO) for synthetic aperture radar Earth observation.
The formations applicable to deep-space astronomy have also been
studied by Bomardelli et al.20 and Misra et al.21 Tragesser22 un-
dertook the same problem of rotating triangular formation of three
tethered satellites that was earlier studied by DeCou15−17 and con-
sidered two cases: the first case being the cylindrical case in which
the plane of the formation is in the orbital plane and the second
case termed the conical case in which the spin axis traces out a cone
with the Earth at the center of the base of the cone. Although the
minimum value of the spin rate for stable motion of the system in
the cylindrical case has not heretofore been determined, a spin rate
below 1.375 times the orbital rate has been observed to exhibit un-
stable behavior for long simulation times. In the conical case, all
spin rates produce unstable motion. Williams and Moore23 exam-
ined the rotating tethered satellite system in LEO and studied the
dynamics of two tethered configurations: a planar ring of satellites
connected through conductive tethers and a three-dimensional con-
figuration in which the satellites are arranged in a ring whose plane is
perpendicular to the nadir direction with two anchor bodies that pro-
vide a gravity-gradient restoring moment. The stability of the same
three dimensional configuration that was considered by Williams
and Moore23 has been investigated by Tragesser and Tuncay24

for the off-nadir (but still Earth-facing) orientation of the Likins–
Pringle conical equilibria. Mori and Matunga25 proposed the coor-
dinated control of tethered satellite clusters using tether tension and
thrust.

The innovative methods for control of the rotating system dur-
ing stationkeeping, deployment, retrieval, reconfiguration, and tech-
niques for tethered damping management are still required. The
present study attempts to carry out such studies focused on sta-
tionkeeping, deployment, and retrieval aspects of formation fly-
ing of satellites. We consider the general formulation of a ro-
tating system composed of three satellites connected by flexible
tethers and moving in an elliptic orbit. The different masses of
the satellites and different tether lengths connecting them have
also been included in the formulation. We obtain the minimum
value of the spin rate for the cylindrical case that was consid-
ered by Tragesser.22 The effects of tether deployment and retrieval
on the system dynamics are investigated. The Lagrangian formu-
lation procedure is utilized to obtain the governing ordinary dif-
ferential equations of motion for the proposed constrained sys-
tem. Because of the relatively short tether length considered in
this study, it is assumed that the tether dynamics do not affect
the orbital dynamics. Next, an equilibrium analysis is undertaken
to determine the necessary design limits on system parameters
followed by the development of tether deployment and retrieval
laws. Finally, for a detailed assessment of the proposed control
strategy the set of governing equations of motion is numerically
integrated.

Fig. 1 Geometry of rotating tethered satellite formation.

Proposed System Model and Equations of Motion
The investigation is initiated by formulating the equations of mo-

tion of the proposed system moving in an elliptic orbit. The system
model is composed of three satellites connected by tethers (Fig. 1).
Satellite 1, satellite 2, and satellite 3 are treated as particles of masses
m1, m2, and m3, respectively. The tethers, made of a light material
like Kevlar, are assumed to have negligible mass. Their damping ef-
fects and transverse vibrations are ignored. The system is assumed
to be vertically above the ground station while passing over the
ascending node. The corresponding nodal line represents the ref-
erence line in orbit for the measurement of the true anomaly. The
coordinate frame x0 y0z0 passing through the system center of mass
S represents the orbital reference frame. Here, the x0 axis is taken
along normal to the orbital plane, y0 axis points along the local ver-
tical, and z0 axis represents the third axis of this right-handed frame
taken. For the variable position ri joining the system mass center S
and satellite i , the angle βi denotes rotation about the axis normal
to the orbital plane and is referred as the in-plane swing or pitch
angle. The resulting coordinate frame associated with this vector is
denoted by S − xri yrizri. This frame is obtained from the S − x0 y0z0

frame by first βi rotation about the x0 axis, which transforms the
S − x0 y0z0 axes to the S − xri1 yri1zri1 axes, and this is followed by
ηi rotation about zri1 axis. The system under consideration has nine
generalized coordinates: ri (length ri , angles βi and ηi , i = 1, 2)
and tether strains (ε j , j = 1, 2, 3). These generalized variables are
not independent because they are related through constraints as
follows:

f1 = l1 − {
r 2

1 + r 2
2 − 2r1r2[sin η1 sin η2

+ cos η1 cos η2 cos(β1 − β2)]
} 1

2 = 0 (1)

f2 = l2 − (1/µ3)
{
µ2

1r 2
1 + (µ2 + µ3)

2r 2
2 + 2µ1(µ2 + µ3)r1r2

× [sin η1 sin η2 + cos η1 cos η2 cos(β1 − β2)]
} 1

2 = 0 (2)

f3 = l3 − (1/µ3)
{
(µ1 + µ3)

2r 2
1 + µ2

2r 2
2 + 2µ2(µ1 + µ3)r1r2

× [sin η1 sin η2 + cos η1 cos η2 cos(β1 − β2)]
} 1

2 = 0 (3)

where l j = l j0(1 + ε j ), j = 1, 2, 3.
The position and orientation of satellite 3 can be obtained from

the given positions and orientations of satellite 1 and satellite 2 con-
sidering the system center of mass lies at the origin of the reference
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frame S − xri yrizri as

r3 = 1

µ3

{
µ2

1r 2
1 + µ2

2r 2
2 + 2µ1µ2r1r2[sin η1 sin η2

+ cos η1 cos η2 cos(β1 − β2)]
} 1

2 (4)

β3 = cos−1

[
−µ1r1 cos β1 cos η1 + µ2r2 cos β2 cos η2

µ3r3 cos η3

]
(5)

η3 = sin−1

[
µ1r1 sin η1 + µ2r2 sin η2

µ3r3

]
(6)

To apply the Lagrangian approach for the formulation of the sys-
tem equations of motion, the expressions for the system kinetic
energy T as well as the potential energy V are first obtained:

T = 1

2
m(Ṙ2 + θ̇2 R2) + 1

2

2∑

i = 1

mi (mi + m3)

m3

× [
ṙ 2

i + r 2
i (θ̇ + β̇i )

2 cos2 ηi + r 2
i η̇2

i

]

+ m1m2

m3
((r1r2{η̇1η̇2[cos(β1 − β2) sin η1 sin η2 + cos η1 cos η2]

+ [−η̇1(θ̇ + β̇2) sin η1 cos η2 + η̇2(θ̇ + β̇1) sin η2 cos η1]

× sin(β1 − β2) + (θ̇ + β̇1)(θ̇ + β̇2) cos(β1 − β2) cos η1 cos η2}
+ ṙ1r2{η̇2[−cos(β1 − β2) cos η1 sin η2 + sin η1 cos η2]

+ (θ̇ + β̇2) sin(β1 − β2) cos η1 cos η2}
+ r1ṙ2{η̇1[−cos(β1 − β2) cos η2 sin η1 + sin η2 cos η1]

+ (θ̇ + β̇1) sin(β2 − β1) cos η1 cos η2}
+ ṙ1ṙ2[cos(β1 − β2) cos η1 cos η2 + sin η1 sin η2])) (7)

V = −GMem

R
+ 1

2

GMe

R3

2∑

i = 1

[
mi (mi + m3)

m3
r 2

i

(
1 − 3 cos2 βi cos2 ηi

)]

+ GMe

R3

m1m2

m3
r1r2[cos(β1 − β2) cos η1 cos η2 + sin η1 sin η2

− 3 cos β1 cos η1 cos β2 cos η2] + 1

2
E A

3∑

j = 1

ljoε
2
j u j (8)

The term u j in the potential energy expression is simply a unit
function, the use of which precludes any negative strain in the tether.
The potential energy V is an approximate expression considering
the term till O(1/R4).

The Lagrangian equations of motion corresponding to the various
generalized coordinates indicated earlier can be obtained using the
general relation

d

dt

(
∂T

∂q̇

)
− ∂T

∂q
+ ∂V

∂q
=

3∑

i = 1

�i
∂ fi

∂q
(9)

where q = the generalized coordinate, (ri , βi , ηi , i = 1, 2, ε j , j = 1,
2, 3) and �i = Lagrange multiplier corresponding to i th constraint
as indicated in Eqs. (1–3). We substitute the generalized coordinates
in the preceding equations and express the derivative with respect
to true anomaly using the relations given here:

q̇ = θ̇q ′ = [√
µa(1 − e2)

/
R2

]
q ′

q̈ = (µ/R3)[(1 + e cos θ)q ′′ − 2e sin θ ]

By replacing the orbital radius R in terms of semimajor axis and
eccentricity using the relation

R = a(1 − e2)

(1 + e cos θ)
= µ

1
3 (1 − e2)

�
2
3 (1 + e cos θ)

and carrying out the algebraic manipulations, we get the follow-
ing governing nonlinear, coupled ordinary differential equations of
motion:

1) ri equation, i = 1, 2

(1 + e cos θ)r ′′
i + mri(1 + e cos θ)[cos(βi − βk) cos ηi cos ηk

+ sin ηi sin ηk]r ′′
k + mrirk(1 + e cos θ) sin(βi − βk)

× cos ηi cos ηkβ
′′
k + mrirk(1 + e cos θ)[sin ηi cos ηk

− cos ηi sin ηk cos(βi − βk)]η
′′
k − 2e sin θ

× ((r ′
i + mri[cos(βi − βk) cos ηi cos ηk + sin ηi sin ηk]r ′

k

+ mrirk{(1 + β ′
k) sin(βi − βk) cos ηi cos ηk

+ η′
k[sin ηi cos ηk − cos ηi sin ηk cos(βi − βk)]}))

+ mri(1 + e cos θ)
((
2r ′

k{(1 + β ′
k) sin(βi − βk) cos ηi cos ηk

+ η′
k[sin ηi cos ηk − cos(βi − βk) cos ηi sin ηk]}

+ rk{−2η′
k(1 + β ′

k) sin(βi − βk) cos ηi sin ηk

− η′2
k [sin ηi sin ηk + cos(βi − βk) cos ηi cos ηk]

− (1 + β ′
k)

2 cos(βi − βk) cos ηi cos ηk}
)) − (1 + e cos θ)ri

× [
(1 + β ′

i )
2 cos2 ηi + η′2

i

] + ri

(
1 − 3 cos2 βi cos2 ηi

)

+ mrirk[cos(βi − βk) cos ηi cos ηk + sin ηi sin ηk

− 3 cos βi cos ηi cos βk cos ηk] + (λ1/l1){µ3/[µi (µi + µ3)]}
× {ri − rk[cos(βi − βk) cos ηi cos ηk + sin ηi sin ηk]}
+ [λ2/(l2µ3)]{piiri + qikrk[cos(βi − βk) cos ηi cos ηk

+ sin ηi sin ηk]} + [λ3/(l3µ3)]{pikri + qiirk[cos(βi − βk)

× cos ηi cos ηk + sin ηi sin ηk]} = 0 (10)

2) βi equation, i = 1, 2

−mri(1 + e cos θ)ri sin(βi − βk) cos ηi cos ηkr ′′
k + r 2

i (1 + e cos θ)

× cos2 ηiβ
′′
i + mririrk(1 + e cos θ)cos(βi − βk)cos ηi cos ηkβ

′′
k

+ mririrk(1 + e cos θ)cos ηi sin ηk sin(βi − βk)η
′′
k

− 2e sin θ
[−mriri sin(βi − βk) cos ηi cos ηkr ′

k

+ r 2
i cos2 ηi (1 + β ′

i ) + mririrk cos(βi − βk) cos ηi cos ηk

× (1 + β ′
k) + mririrk cos ηi sin ηk sin(βi − βk)η

′
k

]

+ (1 + e cos θ)(1 + β ′
i )
[
2rir

′
i cos2 ηi − r 2

i sin(2ηi )η
′
i

]

+ mri(1 + e cos θ)ri cos ηi

{
2r ′

k[(1 + β ′
k) cos(βi − βk) cos ηk

+ η′
k sin(βi − βk)sin ηk] + rk

[−2η′
k(1 + β ′

k)cos(βi − βk)sin ηk

+ η′2
k sin(βi − βk) cos ηk + (1 + β ′

k)
2 sin(βi − βk) cos ηk

]}

+ 3r 2
i cos βi sin βi cos2 ηi + mririrk cos ηi

× [−sin(βi − βk) cos ηk + 3 sin βi cos βk cos ηk]

+ {(λ1/l1){µ3/[µi (µi + µ3)]} − [λ2/(l2µ3)]qik

−[λ3/(l3µ3)]qii}rirk cos ηi cos ηk sin(βi − βk) = 0 (11)
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3) ηi equation, i = 1, 2

mri(1 + e cos θ)ri [−cos(βi − βk) sin ηi cos ηk + cos ηi sin ηk]r ′′
k

− mririrk(1 + e cos θ) sin(βi − βk) sin ηi cos ηkβ
′′
k

+ r 2
i (1 + e cos θ)η′′

i + mririrk(1 + e cos θ)[cos ηi cos ηk

+ sin ηi sin ηk cos(βi − βk)]η
′′
k − 2e sin θ

{
mriri [−cos(βi − βk)

× sin ηi cos ηk + cos ηi sin ηk]r ′
k − mririrk sin(βi − βk)

× sin ηi cos ηk(1 + β ′
k) + r 2

i η′
i + mririrk[cos ηi cos ηk

+ sin ηi sin ηk cos(βi − βk)]η
′
k

} + 2(1 + e cos θ)rir
′
i η

′
i

+ mri(1 + e cos θ)ri

((
2r ′

k{−(1 + β ′
k) sin(βi − βk) sin ηi cos ηk

+ η′
k[cos(βi − βk) sin ηi sin ηk + cos ηi cos ηk]}

+ rk

{
2η′

k(1 + β ′
k) sin(βi − βk) sin ηi sin ηk

+ η′2
k [cos(βi − βk) sin ηi cos ηk − cos ηi sin ηk]

}

+ (1 + β ′
k)

2 cos(βi − βk) sin ηi cos ηk

)) + (1 + e cos θ)r 2
i

× (1 + β ′
i )

2 sin ηi cos ηi + 3r 2
i cos2 βi cos ηi sin ηi

+ mririrk[−cos(βi − βk) sin ηi cos ηk + cos ηi sin ηk

+ 3 cos βi sin ηi cos βk cos ηk] − {(λ1/l1){µ3/[µi (µi + µ3)]}
− [λ2/(l2µ3)]qik − [λ3/(l3µ3)]qii}rirk[−cos(βi − βk)

× sin ηi cos ηk + cos ηi sin ηk] = 0 (12)

4) Tether strain (εi ), i = 1, 2, 3

Cili0 − λi li0 = 0 (13)

where the subscript k = 2 if i = 1; k = 1 if i = 2;

mr1 = µ2

µ1 + µ3
, mr2 = µ1

µ2 + µ3
, p11 = µ1

µ1 + µ3

p12 = 1

p11
, p21 = µ2

µ2 + µ3
, p22 = 1

p21
, q11 = µ2

µ1

q12 = µ2 + µ3

µ1 + µ3
, q21 = 1

q11
, q22 = 1

q12
, C = E A

m�2

λi =
[

1

m�2

][
1 − e2

1 + e cos θ

]3

�i , i = 1, 2, 3

Ci = C

[
1 − e2

1 + e cos θ

]3

εi ui , i = 1, 2, 3

The expressions for λ1, λ2, and λ3 obtained from Eq. (13) are sub-
stituted in Eqs. (10–12). The resulting equations are the equations
of motion of the proposed tether system with ri , βi , and ηi , i = 1, 2
as independent coordinates or degrees of freedom of the system.

Equilibrium Analysis
We first consider the simple case of the system comprised of

equal satellite masses and tether lengths, that is, µ1 = µ2 = µ3 = 1
3

and l10 = l20 = l30 = lt0, moving in a circular orbit. We derive the
conditions of feasible steady-spin motion for such systems, and then
we generalize the procedure to the case when satellite masses and
tether lengths are different. Here, by steady-spin motion we mean
that the system spins with a constant average spin rate. For the system
positioned in an arbitrary instantaneous equilibrium configuration

and rotating in an orbital plane given by, say,

e = 0, ri = rie, βi = βie, β ′
i = β ′

ie = β ′
e

ηi = 0, η′
i = η′

ie = 0

a substitution of the instantaneous equilibrium conditions

ri = rie, r ′
i = r ′′

i = 0, βi = βie, β ′
i = β ′

ie = β ′
e

β ′′
i = 0, ηi = 0, η′

i = η′
ie = 0, η′′

i = 0, (i = 1, 2)

into Eqs. (1–3) and Eqs. (10–13) leads to the seven algebraic non-
linear transcendental equations. For the case when satellite 1 is at
the vertex facing outward along the local vertical, that is, β1e = 0,
we get a closed-form solution as follows:

λje

lje
= 1

9

[
(1 + β ′

e)
2 + 2

]
, j = 1, 3 (14)

λ2e

l2e
= 1

9

[
(1 + β ′

e)
2 − 5

2

]
(15)

εje = (λje/lje)lt0

C − (λje/lje)lt0
, j = 1, 2, 3 (16)

lje = lt0

1 − λje/(ljeC)
, j = 1, 2, 3 (17)

r1e = 1

3

[−l2
2e + 2

(
l2
1e + l2

3e

)] 1
2 (18)

r2e = 1

3

[−l2
3e + 2

(
l2
1e + l2

2e

)] 1
2 (19)

β2e = cos−1

[
− r1e

2r2e

]
(20)

While the system is in the steady-state rotation, its configuration
changes, and thereby tensions in the tethers undergo changes. As we
see from the relations (14) and (15), when β1e = 0 deg (i.e., satellite
1 is at the vertex), tether 1 and tether 3 have always positive tension
values for any arbitrary system spin rate while tether 2, which is
along the local horizontal connecting the satellite 2 and satellite 3,
can get slacked if the spin rate is not sufficient. We get the following
relations for tether tensions in other steady-state positions:

1) β1e = 30 deg

λ1e/l1e = 1
9

[
(1 + β ′

e)
2 + 7

2

]
(21)

λje/lje = 1
9

[
(1 + β ′

e)
2 − 1

]
, j = 2, 3 (22)

2) β1e = 60 deg

λje/lje = 1
9

[
(1 + β ′

e)
2 + 2

]
, j = 1, 2 (23)

λ3e/l3e = 1
9

[
(1 + β ′

e)
2 − 5

2

]
(24)

3) β1e = 90 deg

λje/lje = 1
9

[
(1 + β ′

e)
2 − 1

]
, j = 1, 3 (25)

λ2e/l2e = 1
9

[
(1 + β ′

e)
2 + 7

2

]
(26)

4) β1e = 120 deg

λ1e/l1e = 1
9

[
(1 + β ′

e)
2 − 5

2

]
(27)

λje/lje = 1
9

[
(1 + β ′

e)
2 + 2

]
, j = 2, 3 (28)
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5) β1e = 150 deg

λje/lje = 1
9

[
(1 + β ′

e)
2 − 1

]
, j = 1, 2 (29)

λ3e/l3e = 1
9

[
(1 + β ′

e)
2 + 7

2

]
(30)

It can be stated from Eqs. (14) and (15) and Eqs. (21–30) that
the tension in tether 1 first increases and attains the maximum value
at β1e = 30 deg and then it decreases and reaches to the minimum
value at β1e = 120 deg while the tension in tether 2 is the lowest
at β1e = 0 deg, and it then increases and gets the maximum value
at β1e = 90 deg. For tether 3, its tension first decreases and attains
the lowest value at β1e = 60 deg, and then it increases and gets the
maximum value at β1e = 150 deg. After 180 deg of phase difference,
the tether tensions repeat.

To have stable steady-spin motion of the system, all three tethers
must remain taut throughout the system rotational motion. There-
fore, the condition of system steady-spin motion can be stated as

λje/lje > 0 j = 1, 2, 3 (31)

C > (λje/lje)lt0 j = 1, 2, 3 (32)

Relations (31) and (32) lead to the following conditions for steady-
spin motion:

β ′
e >

√
5
2 − 1 or β ′

e < −
√

5
2 − 1 (33)

C > 1
9

[
(1 + β ′

e)
2 + 7

2

]
lt0 (34)

Thus, we can expect steady-spin motion if the system is rotating
with the spin rate just a little bit greater than the half of the orbital rate
(i.e.,β ′

e > 0.581), and in the case when the system is rotating opposite
to the orbital motion it should spin greater than 2.581 times the
orbital rate. Here, β ′

e is measured with respect to the orbital frame,
and therefore the spin rate required for system steady-spin motion
when rotating opposite to the orbital motion is different by two. It is
interesting to observe that the spin rate larger than the orbital rate as
considered by DeCou15−17 and Tragesser22 is not required for stable
system motion.

Now, we extend the preceding procedure to include the case with
different satellite masses and tether lengths as well. For the sys-
tem when satellite 1 is at the vertex facing outward along the local
vertical, that is, β1e = 0, we get the solution as follows:

λje

lje
= µ1µk

[
(1 + β ′

e)
2 + 2

]
, j = 1, 3, if

j = 1, k = 2, if j = 3, k = 3 (35)

λ2e

l2e
= µ2µ3

[
(1 + β ′

e)
2 − 1 − 3µ1

µ2 + µ3

]
(36)

εje = (λje/lje)lj0e

C − (λje/lje)lj0e
, j = 1, 2, 3 (37)

lje = lj0e

1 − λje/(ljeC)
, j = 1, 2, 3 (38)

r1e = [−µ2µ3l2
2e + (µ2 + µ3)

(
µ2l2

1e + µ3l2
3e

)] 1
2 (39)

r2e = [−µ3µ1l2
3e + (µ3 + µ1)

(
µ3l2

2e + µ1l2
1e

)] 1
2 (40)

β2e = cos−1

[
− r1eµ1

r2e(µ2 + µ3)

]
(41)

with the condition on tether lengths

l2
1e + (µ2 − µ3)

(µ2 + µ3)
l2
2e = l2

3e (42)

In terms of unstretched tether lengths, the preceding relation (42)
can be written as

l2
10,e

[1 − λ1e/(l1eC)]2
+ (µ2 − µ3)l2

20,e

(µ2 + µ3)[1 − λ2e/(l2eC)]2

= l2
30,e

[1 − λ3/(l3eC)]2

(43)

As per Eq. (43), if all of the three satellites have equal masses
(i.e., µ1 = µ2 = µ3 = 1

3 ) or even satellite 2 and satellite 3 have the
same masses (i.e., µ2 = µ3), the tether length l10,e has to be equal to
tether length l30,e with an arbitrary choice on the tether length l20,e.
For the case when µ1 �= µ2 �= µ3 or even µ2 �= µ3, if any two tether
lengths, say, l10,e and l20,e, are given then third tether length, l30,e has
to be determined from Eq. (43). We get the following relations for
tether tensions in other steady-state positions:

1) β1e = 30 deg

λ1e/l1e = µ1µ2

[
(1 + β ′

e)
2 + 2 + 3µ3/(µ1 + µ2)

]
(44)

λje/lje = µkµ3

[
(1 + β ′

e)
2 − 1

]
, j = 2, 3, if

j = 2, k = 2, if j = 3, k = 1 (45)

2) β1e = 60 deg

λje/lje = µkµ2

[
(1 + β ′

e)
2 + 2

]
, j = 1, 2, if

j = 1, k = 1, if j = 2, k = 3 (46)

λ3e/l3e = µ1µ3

[
(1 + β ′

e)
2 − 1 − 3µ2/(µ1 + µ3)

]
(47)

3) β1e = 90 deg

λje/lje = µkµ1

[
(1 + β ′

e)
2 − 1

]
, j = 1, 3, if

j = 1, k = 2, if j = 3, k = 3 (48)

λ2e/l2e = µ2µ3

[
(1 + β ′

e)
2 + 2 + 3µ1/(µ2 + µ3)

]
(49)

4) β1e = 120 deg

λ1e/l1e = µ1µ2

[
(1 + β ′

e)
2 − 1 − 3µ3/(µ1 + µ2)

]
(50)

λje/lje = µkµ3

[
(1 + β ′

e)
2 + 2

]
, j = 2, 3, if

j = 2, k = 2, if j = 3, k = 1 (51)

5) β1e = 150 deg

λje/lje = µkµ2

[
(1 + β ′

e)
2 − 1

]
, j = 1, 2, if

j = 1, k = 1 if j = 2, k = 3 (52)

λ3e/l3e = µ1µ3

[
(1 + β ′

e)
2 + 2 + 3µ2/(µ1 + µ3)

]
(53)

Therefore, we can write the condition of system steady-spin motion
as

β ′
e >

√
1 + 3µi/(1 − µi ) − 1, i = 1, 2, 3 (54)

C > µ jµk

[
(1 + β ′

e)
2 + 2 + 3µ j/(1 − µ j )

]
l j0,e, j = 1, 2, 3

if j = 1, k = 2, if j = 2, k = 3

if j = 3, k = 1 (55)

In the case whereas the system is rotating opposite to the orbital
motion, we get the conditions for steady-spin motion as follows:

β ′
e < −

√
1 + 3µi/(1 − µi ) − 1, i = 1, 2, 3 (56)

and Eq. (55).
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Conditions (54) and (56) are dependent on satellite mass ratios
(in particular, the mass of the heaviest satellite), whereas these con-
ditions are independent of the orbital radius and tether length. The
condition (55) states the relation between C , which is a function of
tether rigidity, mean orbital angular velocity, and total system mass,
and mass ratio, tether length, and the system spin rate. It can be stated
from these conditions (54–56) that the system spin rate requirement
stated by condition (33) is the minimum spin rate [i.e.,(β ′

0)cr = 0.581
or −2.581] for any combinations of satellite mass ratios.

Deployment and Retrieval of Tethers
Various tether deployment and retrieval laws10−12 have been de-

veloped in the literature. These schemes use a tether rate that
is mainly exponentially increasing/decreasing or uniform or a
combination of these (i.e., exponential uniform, exponential uni-
form exponential, exponential exponential). However, in the case
of tether retrieval it is not possible to have the final commanded
tether length retrieval rate zero using the single-stage and multi-
stage schemes10−12 and while applying multistage schemes10−12 the
tether length retrieval rate cannot be the same at transition. These
problems can cause sudden excitation of system response at the end
of retrieval using the single-stage schemes and at transition with
multistage schemes. To avoid these problems, we consider the fol-
lowing tether deployment/ retrieval law:

l j0 = l j0,i + (l j0, f − l j0,i ) sin[(θ − θr0)/(4τ)] if

0 ≤ (θ − θr0) < 2πτ, j = 1, 2, 3

l j0 = l j0, f if 2πτ ≤ (θ − θr0), j = 1, 2, 3 (57)

The commanded tether length rate is

l ′
j0 = (1/4τ)(l j0, f − l j0,i ) cos[(θ − θr0)/(4τ)] if

0 ≤ (θ − θr0) < 2πτ, j = 1, 2, 3

l ′
j0 = 0 if 2πτ ≤ (θ − θr0), j = 1, 2, 3 (58)

Here, τ represents the number of orbits allowed for completing
the desired tether length changes.

In the case of tether deployment/ retrieval, the system might ex-
perience changes in its spin rate that can lead to slackening of teth-
ers and thus system instability. To find the conditions of system
steady-spin motion in such situations, we consider the system, for
simplicity, moving in a circular orbit of angular velocity ωc and all
three satellites in the orbital plane having the rotational velocity of
β ′

0 with the initial condition of satellite 1 at the vertex facing out-
ward along the local vertical, that is, β10 = η10 = η20 = 0, β20 = β2e,
β ′

10 = β ′
20 = β ′

0 = β ′
e, and η′

1e = η′
2e = 0. The initial angular momen-

tum of the system H0 can be written as

H0 = m R2ωc + (
m1r 2

1 + m2r 2
2 + m3r 2

3

)
ωc(1 + β ′

0) (59)

The preceding relation (59) can be expressed in terms of tether
lengths using Eqs. (1–4) as follows:

H0 = m R2ωc + m
(
µ1µ2l2

1 + µ2µ3l2
2 + µ3µ1l2

3

)
ωc(1 + β ′

0) (60)

The relation (60) can be approximately expressed in terms of un-
stretched tether lengths as

H0 = m R2ωc + m
(
µ1µ2l2

10,i + µ2µ3l2
20,i + µ3µ1l2

30,i

)
ωc(1 + β ′

0)

(61)

Applying the tether deployment/retrieval law, the tether length
l j0,i is changed to l j0, f , i = 1, 2, 3. Let the system now rotate about its
mass center with an angular velocity of β ′

f . The angular momentum
of the system H f is given as

H f = m R2ωc + m
(
µ1µ2l2

10, f + µ2µ3l2
20, f + µ3µ1l2

30, f

)
ωc(1 + β ′

f )

(62)

Assuming conservation of angular momentum, we have H0 = H f .
This fact leads to the following relation:

β ′
f =

{
µ1µ2l2

10,i + µ2µ3l2
20,i + µ3µ1l2

30,i

µ1µ2l2
10, f + µ2µ3l2

20, f + µ3µ1l2
30, f

}
(1 + β ′

0) − 1 (63)

It is to be observed from relation (63) that in the case of tether
deployment the system spin rate decreases and thereby the tethers
can become loosened and have decreased tension. Even with the
initial situation of all of the tethers being taut, they can get slack-
ened during the deployment phase in the case of a large increase
in tether lengths when the system spin rate decreases below the
critical spin rate needed for system steady-spin motion, and so it
prohibits the applicability of any arbitrarily large tether deployment
rate. However, it is possible to choose such an initial spin rate of
the system so that even at the end of a large tether deployment the
system spin rate is above the critical spin rate and tethers remain
taut. The tether deployment rate has to be indeed slow for achiev-
ing stable steady-spin motion of the system during the deployment
phase. Using the conditions of steady-spin motion [Eqs. (54) and
(56)] obtained in the preceding section, we can obtain the condi-
tions of system steady-spin motion for tether deployment phase as
follows:

β ′
0 >

{
µ1µ2l2

10, f + µ2µ3l2
20, f + µ3µ1l2

30, f

µ1µ2l2
10,i + µ2µ3l2

20,i + µ3µ1l2
30,i

}√
1 + 3µi

1 − µi
− 1

i = 1, 2, 3 (64)

and Eq. (55).
For the case where the system is rotating opposite to the orbital

motion, the conditions for system steady-spin motion in the deploy-
ment phase are obtained as

β ′
0 < −

{
µ1µ2l2

10, f + µ2µ3l2
20, f + µ3µ1l2

30, f

µ1µ2l2
10,i + µ2µ3l2

20,i + µ3µ1l2
30,i

}√
1 + 3µi

1 − µi
− 1

i = 1, 2, 3 (65)

and Eq. (55).
The conditions of deployment stated by Eqs. (55), (65), and (66)

simply imply the constant tether length conditions to the deployed
system and do not account for the dynamics of the deployment,
which can be destabilizing. In the case of tether retrieval, we can
find from the relation (63) that the system spin rate increases, and
thereby the tethers can become more taut and have increased tension.
With the initial situation of all of the tethers being taut, they remain
taut throughout the retrieval phase provided the rate of retrieval
is relatively slow. Therefore, the conditions of system steady-spin
motion for tether retrieval are the same as obtained in Eqs. (54–
56). However, the large decrease in tether lengths can result in very
high tether tension because of the increase in system spin rate, and
so it might prohibit the applicability of any arbitrarily large tether
retrieval rate.

Results and Discussion
To study the performance of the proposed system, the de-

tailed system response is numerically simulated using Eqs. (1–3),
(10–13), and (57) with the initial conditions of r10 = r1e, r20 = r2e,
r ′

10 = r ′
20 = 0, β10 = η10 = η20 = 0, β20 = β2e, β ′

10 = β ′
20 = β ′

0 = β ′
e,

l10,e = l20,e = lr0. The values of the parameters r1e, r2e, β2e, and l30e

are obtained using Eqs. (39–41) and (43). For known starting values
of independent variables ri0, r ′

i0, βi0, ηi0, β ′
i0, and η′

i0 (i = 1, 2) at each
step of numerical integration, we first solve for dependent variables
ε1, ε2, and ε3 using the constraint relations (1–3). The substitution
of these dependent variables into Eq. (13) enables the determination
of λi , i = 1, 2, 3. The values of the dependent variables (ε1, ε2, ε3)
and λi , i = 1, 2, 3, thus, explicitly available are utilized to compute
the new values of the variables at the end of the step through integra-
tion of the set of the differential equations (10–12). The integration
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Fig. 2 Typical system response as affected by in-plane swing rates β′
0: e = 0, Ct = 105, lt0 = 1 km, µ1 = µ2 = µ3 = 1

3 , η′
0 = 0.

Fig. 3 Effects of in-plane swing rates β′
0 on tether strains: e = 0, Ct = 105, lt0 = 1 km, µ1 = µ2 = µ3 = 1

3 , and η′
0 = 0; ——, numerical solution and - - - -,

analytical solution with calculation at discrete points marked by �.

is carried out using the International Mathematical and Statistical
Library routine DDASPG based on the Petzoid–Gear BDF method.

To study the effect of various system parameters on the system
response, we constructed a dimensionless parameter Ct that is ob-
tained by dividing C by l10, i.e., Ct = E A/(ml10�

2). At first, we
study the effects of the initial spin rates β ′

0 on the system response
(Figs. 2 and 3). We consider the system having equal satellite masses,
i.e., µ1 = µ2 = µ3 = 1

3 . It is observed that when β ′
0 is taken as 0.5

the system becomes unstable as tethers get slacked. In fact, the sim-
ilar results were obtained earlier by Tragesser.22 However, when β ′

0
is 0.6, which is just above the critical value, i.e., (β ′

0)cr = 0.58, the
response shows stable system motion. The further increase in β ′

0

results in the similar stable system response with the reduction in
tether oscillations (Fig. 3). While the system is rotating, the varia-
tions in tether tensions as derived analytically match very well with
the numerical simulation. The period of tether oscillations is found
to be 180 deg. The changes in β2 and β3 follow the same trend as
of β1. The effects of the out-of-plane swing rates η′

0 on the system
response are shown in Fig. 4. It is observed that even in the presence
of η′

0 = 0.01 the system remains stable, and η1 and η2 responses
remain bounded. However, if η′

0 is taken very high in comparison to
the in-plane swing rate β ′

0 of 0.6, say, 0.2, the tethers get slackened
and the system can become unstable. In this situation, if initial spin
rate β ′

0 is taken 0.7, then the system shows stable motion.
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Fig. 4 Typical system response as affected by out-of-plane swing rates η′
0: e = 0, Ct = 105, lt0 = 1 km, µ1 = µ2 = µ3 = 1

3 , and β′
0 = 0.6.

Fig. 5 Typical system response as affected by satellite mass ratios: e = 0, Ct = 105, lt0 = 1 km, and η′
0 = 0.

Figure 5 shows the effects of the satellite mass ratios on the system
response. We first consider the case when satellite 2 and satellite
3 have equal masses. When the satellite mass ratios are taken as
µ1 = 1

5 , µ2 = µ3 = 2
5 , the critical vale of β ′

0 obtained analytically
is (β ′

0)cr = 0.73 while (β ′
0)cr for the case µ1 = 3

5 , µ2 = µ3 = 1
5 is

1.35. For the case when all satellite have different masses (i.e.,
µ1 = 2

6 , µ2 = 1
6 , µ3 = 3

6 ), we assume the two tether lengths (i.e.,
l10,e = l20,e = lr0 = 1 km) and obtain the third tether length l30,e using
the relation (43). In this case, we get (β ′

0)cr as 1. The system shows

stable response for all cases considered as the spin rate β ′
0 being

taken is above the critical value.
The effects of tether lengths on the system response are shown

in Fig. 6. With the increase in tether lengths from 500 m to 10 km,
the system response remains almost unaffected except increase in the
tether strains ε1, ε2, and ε3 as the tether tension increases with the in-
crease in the tether length. The tether deployment and retrieval have
significant effects on the system response. In the case of deployment,
Fig. 7a shows the stable system motion while the tether length is
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Fig. 6 Effects of tether lengths on system response: e = 0, C = 108 m, µ1 = µ2 = µ3 = 1
3 , β′

0 = 0.6, and η′
0 = 0.

Fig. 7a Effect of tether deployment on system response: e = 0, C = 108 m, µ1 = µ2 = µ3 = 1
3 , β′

0 = 10, and η′
0 = 0.

increased from 500 m to 1 km and the initial spin rate β ′
0 taken as 10

that is above the critical spin rate of 5.32 as dictated by the condition
(64). The ri and βi (i = 2, 3) follow the same trend as of r1 and β1, re-
spectively. The tether tensions decrease as the deployment proceeds.
The tether strains ε2 and ε3 behave similarly as the tether strain ε1

does. It is observed that the longitudinal frequency decreases from
1375 cycles per orbit for the initial tether length of 500 m to 950
cycles per orbit for the final tether length of 1 km (Fig. 7b). If the
deployment rate is fast even though the spin rate is above the critical

limit, there is a possibility of a tether getting slacked and it has been
observed that if any one of the tethers gets slacked, even though the
system is stable momentarily, it becomes unstable during long sim-
ulation time. With the high τ , the tether oscillations after the com-
pletion of deployment decrease, as expected. In the case of tether re-
trieval (Figs. 8a and 8b), the tether tensions increase with the retrieval
as the spin rate increases, and thus the tethers never get slacked ex-
cept the situation when the retrieval rate is fast. The longitudinal
frequency shows the reverse trend from the tether deployment case
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Fig. 7b Variation of tether strain during different stages of deployment: e = 0, C = 108 m, µ1 = µ2 = µ3 = 1
3 , β′

0 = 10, and η′
0 = 0.

Fig. 8a Effect of tether retrieval on system response: e = 0, C = 108 m, µ1 = µ2 = µ3 = 1
3 , and η′

0 = 0.

with an increase in oscillations from 950 cycles per orbit for the ini-
tial tether length of 1 km to 1375 cycles per orbit for the final tether
length of 500 m (Fig. 8b). With the higher value of β ′

0, the tether
retrieval can be accomplished in shorter duration. It is important to
observe that the tether retrieval can be performed in shorter duration
with the slower spin rate in comparison to the tether deployment.

The parameter Ct signifies tether rigidity and has a significant
effect on the system response (Fig. 9). As Ct increases, the am-

plitudes of tether oscillations decrease and vice versa. In fact,
the increase of Ct results in the increase of tether rigidity, and
thereby the amplitudes of tether oscillations decrease and the sys-
tem shows stable response. The critical or minimum value of Ct

for the system steady-spin motion is obtained using Eq. (34) as
0.67. It has been observed that when Ct is below 5 the response
starts with large tether oscillations, and finally the system becomes
unstable.
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Fig. 8b Variation of tether strain during different stages of retrieval: e = 0, C = 108 m, µ1 = µ2 = µ3 = 1
3 , η′

0 = 0.

Fig. 9 Typical system response as affected by parameter Ct: e = 0, µ1 = µ2 = µ3 = 1
3 , lt0 = 1 km, β′

0 = 0.6, and η′
0 = 0.

Next, we observe that even with eccentricity as high as 0.001
the system remains stable (Fig. 10). The r1, r2, β1, β2, ε1, ε2, and
ε3 remain almost unaffected with the changes in eccentricity from
e = 0 to 0.001. But r ′

1, r ′
2, β ′

1, and β ′
2 experience changes over an

orbital period. In the case of eccentricity less than 0.0001, r ′
1, r ′

2, β ′
1,

and β ′
2 change slightly compared to the situation when the system is

moving in the circular orbit. With the orbital eccentricity of 0.0001,
the oscillations ofβ ′

1 andβ ′
2 coincide with the orbital period. Initially,

β ′
1 and β ′

2 rise, and their values reach the highest at the apogee and
then decrease and reach the lowest at the perigee. The reason for
this behavior can be attributed to the term containing 2e sin θ in the
equations of motion [Eq. (12)] for β1 and β2. The 2e sin θ term grows
as the true anomaly θ changes from 0 to 180 deg and diminishes
while θ changes from 180 to 360 deg. This term, in fact, dominates
the case when the orbital eccentricity is higher than 0.0001. In the
case of high eccentricity, say, e = 0.2, the system exhibits response
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Fig. 10 Typical system response as affected by orbital eccentricity: Ct = 105, µ1 = µ2 = µ3 = 1
3 , lt0 = 1 km, β′

0 = 0.6, and η′
0 = 0.

with high amplitudes and fast oscillations of r ′
1 and r ′

2 and tether
strains. Additionally, the amplitudes of β ′

1 and β ′
2 increase without

change in their periods of oscillations, resulting in fast system spin
rate and slackening of tethers.

Conclusions
An analysis of rotating formation flying of three satellites using

flexible tethers is presented in this paper. An equilibrium analysis
undertaken here leads to several inequality constraints on system
parameters. These facilitate a judicious choice of various system
parameters for an inherently stable design. Results of numerical
integrations of the governing nonlinear equations of motion along
with the equilibrium conditions indicate that the proposed concept
is feasible. The effects of various system parameters and tether
deployment/retrieval on the system response have been investigated.
It is found that it is possible to have formation flying of satellites
in the orbital plane if the system spin rate is greater than the criti-
cal value of 0.58 times the orbital rate. Thus, the present analysis
is an attempt towards understanding the dynamics and control as-
pects of formation flying of satellites and can serve as a basis to
solve problems of formation flying in any arbitrary plane as well
as the reorientation of the direction of the formation that would be
considered in future work.
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